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REGULARITY AND STABILITY OF TRANSITION FRONTS IN 
NONLOCAL EQUATIONS WITH TIME HETEROGENEOUS IGNITION 

NONLINEARITY 

WENXIAN SHEN AND ZHONGWEI SHEN 


Abstract. The present paper is devoted to the investigation of various properties of tran¬ 
sition fronts in nonlocal equations in heterogeneous media of ignition type, whose existence 
has been established by the authors of the present paper in a previous work. It is first shown 
that the transition front is continuously differentiable in space with uniformly bounded and 
uniformly Lipschitz continuous space partial derivative. This is the Erst time that regularity 
of transition fronts in nonlocal equations is ever studied. It is then shown that the tran¬ 
sition front is uniformly steep. Finally, asymptotic stability, in the sense of exponentially 
attracting front like initial data, of the transition front is studied. 
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1. Introduction 

Consider 

Ut = J * u — u + f(t,x,u), (1.1) 

where J is the dispersal kernel and [J * u](x) = f m J(x — y)u(y)dy = f R J(y)u(x — y)dy, and 
the reaction term / is of monostable type, bistable type or ignition type. Such an equation, 
introduced as a substitute for the classical reaction-diffusion equation 

u t = A u + f(t,x,u), (1.2) 

has been used to model various diffusive processes with jumps (see e.g. [12] for some back¬ 
ground). While a large amount of literature has been carried out to the understanding of 
m, its nonlocal version HMD has attracted a lot of attention recently and some results have 
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been established. For (II.Hi in the homogeneous media, traveling waves, i.e., solutions of the 
form u(t, x ) = 4>{x — ct) with (c, q i) satisfying 

J* 4> - cj) + ccj) x + /(0) = 0, </>( oo) = 1, <f>( oo) = 0, 

have been obtained (see |H |(1. 7, IB, [Ql 10, 18j and references therein). The study of (11.11) in 
the heterogeneous media is rather recent and results concerning front propagation are very 
limited. In [m 1221 [231 El], the authors investigated (ED in the space periodic monostable 
media and proved the existence of spreading speeds and periodic traveling waves. In m , 
Rawal, Shen and Zhang studied the existence of spreading speeds and traveling waves of ED 
in the space-time periodic monostable media. For (11.11) in the space heterogeneous monostable 
media, Berestycki, Coville and Vo studied in [2j the principal eigenvalue, positive solution and 
long-time behavior of solutions, while Lim and Zlatos proved in p3] the existence of transition 
fronts in the sense of Berestycki-Hamel (see M)- In [5], Berestycki and Rodriguez studied 
ED with a barrier nonlinearity of monostable type or bistable type, and proved that while 
propagation always occur in the monostable case, it may be obstructed in the bistable case. 
For (11.11) in the time heterogeneous media of ignition type, the authors of the present paper 
proved in [21] the existence of transition fronts. 

In the present paper, we continue to study ED in the time heterogeneous media based 
on the work done in [2Tj. Recall that, an entire solution u(t,x ) of ED is called a transition 
front in the sense of Berestycki-Hamel (see mm if u(t, — oo) = 1 and u(t, oo) = 0 for any 
t £ M, and for any e£ (0,1) there holds 

supdiamjx € R|e < u(t,x ) < 1 — e} < oo. 

tes. 

Equivalently, an entire solution u(t, x) of (11.11) is called a transition front if there exists a 
function X : M —> R such that 

lim u(t , x + X(t)) = 1 and lim u(t, x + X(t)) = 0 uniformly in (Si. 

x — y —oo x—too 

We remark that neither the definition of transition front nor the equation (11.11) itself guar¬ 
antees any space regularity of transition fronts beyond continuity. Also, the transition fronts 
constructed in m and [21] are only uniformly Lipschitz continuous in space; it is not known 
if they are continuously differentiable in space. One of the main goals of the present paper 
is to investigate the space regularity of transition fronts constructed in m- It should be 
pointed out that space regularity is of fundamental importance in further studying various 
important properties, such as uniform steepness and stability, of transition fronts. 

Now, let us focus on (11.11) in the time heterogeneous media of ignition type, i.e., 

Ut = J *u — u + f(t , u ), (t,i) £ I X I, (1-3) 

where the convolution kernel J satisfies 

(HI) J^O, j£ (^(M), J{x) = J(—x) > 0 for all x € R, / R J{x)dx = 1, J m | J'(x)\dx < oo 
and 

I J(x)e Xx dx < oo, VA > 0; (1.4) 

J M 


and the time heterogeneous nonlinearity f(t,u ) satisfies 
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(H2) / : E x [0, oo) —>• E is continuously differentiable and satisfies the following conditions: 

• there are 9 £ (0,1) (the ignition temperature), f m i n £ C' 1,a ([0,1]) and a Lipschitz 
continuous function / max : [0,1] —> E satisfying 

/ mi n (u) = 0 = fmaxiu), U £ [0, 9} U {1}, 

0 O /min(l^) ^ ./max (c) , V £ (9, 1), 

/min(l)<0 

such that 

/min fa) < f(t,u) < /max(«), fa «) € [0, 1], 

• f(t,u ) < 0 for (t,u) £ E x (l,oo) 

• first-order partial derivatives are uniformly bounded, i.e., 

SU P \ft{t,u)\<oo and sup \f u (t,u)\<oo 
(t,u)GMx [0,1] (t,-u)Glx [0,oo) 

• there exists 9 £ (9, 1) such that f u (t, u) < 0 for all t £ E and u £ [9, 1], 

For convenience and later use, let us first summarize the main results obtained in [21]. To 
this end, consider the following homogeneous equation 


Ut = J * u — u+ fmin (u). (t, x) £ E X E, (1.5) 

where / m in, given in (H2), is of ignition type. Assume (HI) and (H2). It is proven in [8] that 
there are a unique c^ in > 0 and a unique C 1 function </> = </> m j n : E —> (0,1) satisfying 


J *(/>-(/> + C^ in (/>' + / min (</>) = 0, 

cj)' < 0, </>(0) = 9 , />(—oo) = 1 and </>(oo) = 0. 


That is, (f>min is the normalized wave profile and </> m infa — c^ in t) is the traveling wave of (11.51) . 
Moreover, using the equation in (11.61) . it is not hard to see that <j)( riin is uniformly Lipschitz 
continuous, that is, 


sup 

x+y 


^min^) - </>min (y) 


x-y 


< oo. 


The following proposition is proved in m- 


(1.7) 


Proposition 1.1 ([IT]). Suppose (H1)-(H2). 

(1) For s < 0, there exists a unique y s £ E with y s —> — oo as s —>• —oo such that the 
classical solution u(t,x m ,s) of (11.31) with initial data u(s,x',s) = 4> m i n (x — y s ) satisfies 
the normalization u( 0, 0; s) = 9 and the following properties: 

(i) u(t, —oo; s) = 1 , u(t, oo; s) = 0 and u(t , x; s) is strictly decreasing in x; 

(ii) let X\(t\ s) be such that u(t, X\(t\ s); s) = A for any A £ (0,1); there exist c m j n > 
0, C mav > 0, and a twice continuously differentiable function X(-; s ) : [s, oo) —> E 
satisfying 

0 < c m ; n < X(t ; s) < C m a y < oo, s < 0, t > s and sup | X(t; s)| < oo 

s<0,t>s 


VA £ (0,1), sup \X(t; s) — X\(t; s)| < oo 

s<0,t>s 


such that 
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and there exist exponents c± > 0 and shifts h± > 0 such that 
u(t, x\ s) > 1 — e c -(. x ~ x ( t ’ s )+ h ~) if x < X(t] s) — h-, 
u(t, X- s) < e -c+^-x(f,s)-h+) if x > X(t; s ) + h+ 
for all s < 0, t > s; 

(iii) u(t, x ; s ) is uniformly Lipschitz continuous in space, that is, 

u(t,y;s) - u(t,x\s ) 


sup 

x^y 

s<0,t>s 


y-x 


< oo. 


( 1 . 8 ) 


(2) There is a transition front u(t, x) that is strictly decreasing in space and uniformly 
Lipschitz continuous in space, that is, 


sup 

x^y 

teM 


u{t,y) - u(t,x) 
y-x 


< oo, 


and a continuously differentiable function X : R —> M satisfying the following proper¬ 
ties: 

(i) there holds 


X(t\ s) —> X(t), u(t,x;s) —>• u(t,x) and ut(t,x; s)—>■ ut(t,x) 

locally uniformly in (t, x) G M x M as s —> — oo along some subsequence; 

(ii) X(t) £ [cmin, C ma. v] for all t £ M, where c m ; n and c max are as in (l)(ii); 

(iii) there hold 

u(t,X ) > 1 - e C-lx-X{t)+h.) if x< X(t) - h-, 
u(t , x) < e -c+{x-xd)-h+) if x > X(t) + h + 
for all s < 0, t > s, where c± and h± are as in (1) (ii). 


In the present paper, we intend to improve the uniform Lipschitz continuity in space of 
u(t,x) in Proposition 11,1( 2). and then, study other important properties of u(t,x) such as 
uniform steepness and stability. To do so, we further assume 

(H3) f(t,u) is twice continuously differentiable in u and satisfies 

sup \fuu(t,u)\ < oo. 

(t,u)GMx [0,1] 


Our first main result concerning space regularity of u(t, x) is stated in the following theo¬ 
rem. 


Theorem 1.2. Suppose (H1)-(H3). Let u(t,x ) be the transition front in Provosition \l.H 2). 
Then, for anyt £ R, u(t,x) is continuously differentiable inx. Moreover, u x (t,x ) is uniformly 
bounded and uniformly Lipschitz continuous in x, that is, 


sup \u x (t,x)\ < oo and 
(f,i)6lxK 


sup 

x^y 

tern. 


u x (t,x) - u x (t,y) 
x-y 


< oo, 


(1.9) 


respectively. 
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We remark that since u(t,x ) is strictly decreasing in x, the uniform bound of u x (t,x ) in 
(|1.9I) is equivalent to iafn x \g& X RU x (t,x) > — oo. With the regularity, the profile function 
4>(t,x) = u(t,x + X(t)) satisfies the following evolution equation 

= + X(t)(f> x + f(t, (j>), 

which could be used to construct transition fronts if X(t) can be first constructed (see [16] 
for the work on (|1.2I) in time heterogeneous monostable media). 

Next, we study the uniform steepness of the transition front. We prove 


Theorem 1.3. Suppose (H1)-(H3). Let u(t,x ) and X(t) be as in Propositior il . If 2). Then, 
for any M > 0, there holds 

sup sup u x (t,x ) < 0. 

te k xe[x(t)-M,x(t)+M] 


A simple consequence of Theorem 1 1.21 and Theorem ll.3l is that the interface location at any 
constant value between 0 and 1 is continuously differentiable with finite speed (see Corollary 

im 

Finally, we study the stability of transition fronts. Let C(j nif (R, R) be the space of bounded 
and uniformly continuous functions on R. For uq £ C( N f (R, R), denote by u(t,x]to,uo) the 
unique solution of (11.31) with initial data u(to, -;to,uo) = uq- To state the result, we enhance 
the last assumption in (H2) and assume 

(H4) there exist 0 £ ( 6 ,1) and /3 > 0 such that f u (t , u) < —/3 for all (t, it) £ R x [0, 2]. Also, 
f(t , u) = 0 for (t, it) £ R x (—oo, 0). 


Let M\ > 0 be such that for any t £ R 

1 I Q Q 

u(t, x) >—-—if x — X(t) < — Mi and u(t, x) < — if x — X(t) > Mi, (1.10) 

where 6 is as in (H4). Such an Mi exists by Propositioi ll. 1 1 2 1 (iii). For given a > 0, let 
r a : R —> [0,1] be a smooth nonincreasing function satisfying 


r / s _ J !. x< -Mi - 1, 

a[X) | g-a(x-Mi)^ rJ . > M] + i 


( 1 . 11 ) 


This function is introduced for making up the lack of asymptotic stability of the equilibrium 
0 (see e.g. mm)- We prove 


Theorem 1.4. Suppose (H1)-(H4). 

(1) There is ao > 0 such that for any 0 < a < ao, there are eo = eo {a), uj = ui(a), 
and A = A(a) satisfying that for any ito : R —> [0,1], no £ C^ nif (R,R), if there exist 
to £ R, e £ (0, eo], such that 

u(to , X Co") - eT a(x - Co" - X(t 0 )) 

< U 0 (x) < u(t 0 ,x- Co + ) + er a (® - C 0 h - X(to)) 
for all x £ R, then, there holds 

u(t,x- C _ (t)) - q(t)T a (x - C~(t)-X(t)) 

< u(t , x; t 0 ,u 0 ) < u(t, x - C + {t)) + q(t)T a (x - ( + (t) - X(t)) 


( 1 . 12 ) 
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for all iGl and t > to, where 

c*(*) = Co ± —(1 - e - u(t - to) ) and q(t ) = 

UJ 

(2) Let u(t,x ) and 7T(t) 6e as in Provositioi ll.lt 2 ). Let /3o > 0. Suppose to £ 1 and 
uo G C^ nif (M,M) satisfy 

(u 0 : R -A [0,1], n 0 (—oo) = 1; 

13(7 > 0 s.t. |uo — n(to,x)| < (7e~' a °( a:_A 3*°)) /or i£l. 

Then, there exist u > 0 and eo > 0 such that for any e € (0, eo] there are C 1 * 1 = 
(/^(e, uo) £ M such that 

u(t, x — — ee~ ulyt ~ to ^ < u(t, x ; to, no) < n(t, x — C + ) + ee~ w ^~ to ^ 

for all x £ M and t > to- 

Based on Theorem O and the “squeezing technique” (see e.g. 13 Egos [20]), we obtain 
the asymptotic stability. 

Theorem 1.5. Suppose (H1)-(H4). Let u(t,x) and X(t) be as in Provositioi il . 1\ 2) . Let 
f3o > 0. Suppose to 6 1 and uo £ (7 ,*^ (M, M) satisfy 

(u 0 : M -A [0,1], no(-oo) = 1; 

|^3(7 > 0 s.t. |uo — u(to,x)\ < Ce~P°( x ~ x ( to ^ for i£l. 

Then, there exist C = (7(no) >0, /* = C*(rto) £ K and r = r(/3o) > 0 such that 

sup |n(t, x ; to, no) — u(t, x — £*)| < Ce~ r< ' t ~ t °' > 
xEM. 

for all t > to- 

We point out, allowing the solution to develop into the shape satisfying the condition in 
Theorem 11.41 at a later time, Theorem 11.41 21 and Theorem P are true for more general 
initial data (see Corollary 14.21 and Corollary 15.311 . 

The rest of the paper is organized as follows. In Section [2j we study the space regularity 
of n(t, x) and prove Theorem 11.21 In Section [3l we study the uniform steepness of u(t, x) and 
prove Theorem 11.31 In Section [3 we study the stability of u(t, x) and prove Theorem 11.41 
In Section [5] we study the asymptotic stability of u(t, x) and prove Theorem 11.51 We also 
include an appendix, Appendix [A] on comparison principles for convenience. 

2. Regularity of transition fronts 

In this section, we study the regularity of u(t,x) and prove Theorem 1 1.21 Throughout this 
section, we assume (H1)-(H3). To prove Theorem 1 1.21 we first investigate the space regularity 
of u(t, x-,s). We have 

Theorem 2.1. For any s < 0 and t > s, u(t,x ; s ) is continuously differentiable in x. More¬ 


over, 
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(i) u x (t,x]s) is uniformly bounded, that is, 

sup | u x (t, x\ s)| < oo; 

x^y 

s<0,t>s 

(ii) u x (t,x;s ) is uniformly Lipschitz continuous in space, that is, 

u x (t,x;s) -u x {t,y;s ) 

- < oo. 

x-y 

s<0,t>s 


sup 

xjty 


Assuming Theorem 12. 11 let us prove Theorem 11.21 


Proof of Theorem \1.2[ It follows from Proposition II.If 2)(i). Theorem 12. 11 Arzela-Ascoli the¬ 
orem and the diagonal argument. More precisely, besides u(t, x; s ) —> u(t , x) and ut(t, x\ s) —t 
ut(t,x ) locally uniformly as in Proposition 1 1.1 1 21(11 we also have 

u x (t,x;s) —> u x (t,x ) locally uniformly in (t,x) E M x R (2-1) 

as s A — oo along some subsequence. The properties of u(t, x) then inherit from that of 
u{t,x\s). □ 

In the rest of this section, we prove Theorem 12.11 


Proof of Theorem \2.1\ (i) Setting 

u{t,x + ry,s) -u(t,x',s) 

v'(t,x-s) : = -. 

V 

By (11.81) . supzeR.^o \v v (t, x;s)| < oo. Clearly, v 71 (t,x-,s) satisfies 

s<0,t>s 


Vt(t,x;s)= / J(x — y)v v (t,y; s)dy — v v (t,x;s) + a v (t,x', s)v v (t,x;s), (2-2) 

./TCP 


where 


s)dy, 


„au _ f(t, u(t, x + ry, s)) - f(t , u(t, x; s)) 
a (V, x, s) — 

u{t, x + ry, s) — u[t, x; s) 

is uniformly bounded by (H2). Setting 

b v (t,x-,s) := f J(x-y)v v (t,y;s)dy = f —— - + — -——— u{t,y, 

Jr Jr V 

we see that supxeR^o \b 71 (t, x; s)| < oo, since J' E L 1 (M) and u(t,x;s ) E (0,1). 

s<0,t>s 

The solution of (12.21) is given by 

t P t 

v ri {t,x-s) = v rt (s,x;s)e-J^ 1 - aV ^ x ^ dT + J W(r, x; s)e~ SrP-^P^))dr dr _ ( 2 . 3 ) 

Notice as rj — > 0, the following pointwise limits hold: 

m \ + T] — y s ) — <)> m i n (x y s ) .ii/ \ 

v'(s,X‘,s) = - >4>mm(x-y8), 

n 

a 71 {t,x\s)^>-f u {t,u{t,x-,s)) and 

b v (t, x;s) -A / J'{x — y)u(t, y; s)dy, 

Jr 
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where </> m ; n is as in (11.61) . Then, setting 77 —>• 0 in (12.3p . we conclude from the dominated con¬ 
vergence theorem that for any s < 0 , t > s and the limit u x {t , 2 ; s ) = lim r/ ^o v v (t , 2 ; s) 

exists and 


u. 


: (i, 2 ;s) = - y s )e~ ^^- MT ’ u ^ x ' s)))dr + f b(r, 2 ; s)e~ ( 2 . 4 ) 

J S 


where b(t,x;s ) = f R J'(x — y)u(t,y, s)dy = f m J'(y)u(t,x — y;s)dy. In particular, for any 
s < 0 and t > s, u(t,x;s) is continuously differentiable in 2 . The uniform boundedness of 
u x (t,x;s), i.e., sup \u x (t, 2 ; s)| < 00 , then follows from (11.81) . 

s<0,t>s 

(ii) Since u x (t,x;s ) is uniformly bounded by (i), we trivially have 


V<5 > 0, 


sup 

\x—y\>6 

s<0,t>s 


u x (t, 2 ; a) - u x (t,y, s ) 
x-y 


< 00 . 


Thus, to show the uniform Lipschitz continuity of u x (t,x;s), it suffices to show the local 
uniform Lipschitz continuity, i.e., 


V5 > 0, 


sup 

\x—y\<5 

s<0,t>s 


u x (t, 2 ; a) - u x (t,y, s ) 
x-y 


< 00 . 


(2.5) 


To this end, we fix 8 > 0. Let X(t\s ) and X\(t;s) for A G (0,1) be as in Proposition 
0(1) (ii) an d define 

L\ = 5 + sup \Xg(t\ s) — X(t] s)| and L 2 = 5 + sup s) — X(t; s)|, 

s<0,t>s s<0,t>s 


where 0 £ ( 6 ,1) is given in (H2). Notice L\ < 00 and L 2 < 00 by the uniform exponential 
decaying estimates in Proposition I TjJ T)(ii). Then, for any 2 G R and \r]\ <5 we have 

• if 2 > X(t] s) + L 1 , then 2 + 77 > 2 — 5 > X^(t; s), which implies that u(t, 2 + 77 ; s) < 6 
by monotonicity, and hence 

f u (t,u(t,x + rj-,s)) = 0 ; ( 2 . 6 ) 

• if 2 < X(t] s) — L 2 , then x + rj < x + 5 < Xg(t; s), which implies that u(t, 2 + 77; s) > 8 
by monotonicity, and hence by (H2), 

f u (t,u(t,x + r]-,s)) <0. (2.7) 

According to (12.61) and (12.71) . we consider time-dependent disjoint decompositions of M into 

M = Ri(t] s) U Rm{t ; s) U R r (t] s), 


where 

Ri(t;s) = (-00 ,X(t;s) - L 2 ), 

Rm(t\s) = [X(t;s) - L 2 , X(t;s) + Li] and (2.8) 

R r (t] s ) = {X(t; s ) + Li, 00 ). 


For s < 0 and 20 G M, let tfi r st(^o; s) be the first time that 20 is in R m {t\ s), that is, 

ifirst(so;s) = min {t > s| 2 0 G R m (t]s)}, 
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and £iast(®o; s ) be the last time that Xo is in i? m (t; s ), that is, 

hast(xo', s ) = max {t 0 G R|x 0 G R m {to; s) and x 0 £ R m (t, s ) for t > t 0 }. 

Since X(t\s ) > c m ; n > 0 by Proposition ll.lf l)(ii). if xo G Ri(s;s), then xo G Ri(t;s) for all 
t > s. In this case, tfi rs t(^o; s) and iiast(xo;s) are not well-defined, but it will not cause any 
trouble. We see that ffi rs t(xo; s) and hast( x o',s) are well-defined only if xo ^ Ri(s's). As a 
simple consequence of X(t;s) G [c m i n ,c max ] in Proposition ll.lf lf liif and the fact that the 
length of R m (t ; s) is L\ + L 2 , we have 


T = T(8) := sup [WOo; s) - t avst (x 0 -, s)] < 00 . 

s<0,xo£Ri(s;s) 

Moreover, we see that for any |r/| < 5, 

f u (t,u(t,x 0 + rj;s)) = 0 if f G[s,f firat (x 0 ;s)], 
f u (t,u(t,x 0 + rj;s)) < 0 if t > fi ast (x 0 ; s). 

We now show that 

u x (t, x 0 + ry, s) - u x (t, x 0 ; s) 


sup 

XQGlR,0<|r7|<5 

s<0,t>s 


V 


< 00. 


Using (12.41) . we have 

u x (t, x 0 H- 77; s) — u x (t, x 0 ; s) 

T] 


_ ^min( X 0 + V ~ Vs) ~ ^minfoo ~ Vs) fRl-f u (TMr,x 0 +y,s)))dT 
V 


+ 0min( x O — Us) 


(I) 

e -/ s t (l-/u('r,v(T,x 0 +??;s)))dr _ g - f*(l-f u (T,u(T,x 0 ;s)))dT 


(II) 


+ 


b(r,x 0 + 77 ; 5 ) - 6(r,x 0 ;s) c _ f t (1 _ Ur , u(T , xn;s)))d 


r dr 


(ill) 


rt e ~ f*(l-fn(T,u(T,x 0 +ir,s)))dT _ e ~ J*(l-fu{T,u(T,x 0 ;s)))dT 


+ / H r , x o',s)- 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


dr. 


(IV) 


Hence, it suffice to bound terms (I)-(IV). To do so, we need to consider three cases: xo G 
Ri(s-,s), xo G R m (s-,s ) and xo G Rr(s',s). We here focus on the last case, i.e., xo G R r (s;s), 
which is the most involved one. The other two cases are simpler and can be treated similarly. 
Also, for fixed s < 0 and xo G R r (s‘,s), we will focus on f > iiast(xo; s); the case with 
t G [tfirst (xo: s),iiast(xo; s)] or t < ffi rs t(^o; s) will be clear. Thus, we assume xo G R r (s~ 1 s ) and 
t f-last (*T0 j ■ 
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We will frequently use the following estimates: for any \fj\ < 5 there hold 

e _jt first(-o; S ) (1 _ /u(T!u(Tja;o+? j ;s)))dr = e _ [tf . iBt{xo . s) _ r) ^ r G [ S;tfirst ( Xo; s )] 

e _; r ‘i«t(*o;*) (1 _ /u(Titl(Tia . 0+ ^ ;a)))dr < e Tsup (t ,„ )e8x[0il] r G [t first (x 0 ; s), fi ast (x 0 ; s)] 

( 2 . 12 ) 


e -/ r (l-/ U (^(r,xo+l?; S )))rfr < e ~(t-r) ^ r £ s )^]. 


They are simple consequences of (12.911 and ( 12 . 101 ) . Set 

*min(®) - <thm(v) 


C 0 := sup |l-/ u (t,u)|, Ci := sup ' rminV 

0,u)GRx[0,1] 


x - 2/ 


C 3 := sup \fuu{t,u)\x sup [u x (t,X-,s)\, C 4 = sup 
(t,n)GKx[0,ll 

s<0,t>s s<0,t>s 


» C 2 := sup |^m in (x)| 

ccGM 

u(t,x;s ) - u(t,y;s ) 


x - y 


Note that all these constants are finite. In fact, Co < oo by (H2), Ci < oo by (11.71) . C 3 < oo 
by (H3) and Theorem 12.ll i). and C 4 < oo by Proposition II.Il l) (iii). 

We are ready to bound (I)-(IV). For the term (I), using (11.71) and (12.121) . we see that 


|(I)| < Cie - ^ 1_ ^ T,u ( r ’ Xo+ ^ ;s ^ dr 

r ^firstPo’ 3 ) _|_ plast( x 0’ s ) _|_ r 4 1 (1— f u (T,u(r,xo+ri;s)))dT 

= C\e LJs Jt first(* 0 ; s ) ^ 4 last ( x 0 ’ s ) -I ' ^ V ’ V ’ 

C\G- (hirst Co, 5 ) 0 hast O^Ois)) ^ C\€^^^ 


(2.13) 


For the term (II), we have from Taylor expansion of the function r] i—>• e ^ - 1 fu( T M T , x o+v,s)))dT 
at 77 = 0 that 


l(H)|<C 2 


=-/ a t (l-/u(D“(r,a:o+ 4 ?;s)))^ _ p ~ f^^-fu(r,u(T,x 0 -,s)))dr 


V 


dr , 


< C 2 e-/^ 1 -^^^°+^’ s ))) dr J* \f uu (r, u(t, xo + v*, s))u x (t , x 0 + y*; a) 

where ?y* is between 0 and r/, and hence, |r/*| < <5. We see 

/ fuu{r,u(T,x 0 + ??*; s))w a ,(r,x 0 + ??*; s) dr < C 3 (f - s). 

It then follows from (I2.12|) that 

I(II)I < C 2 C 3 e- ( ^ t(a;o;s) - s) e- (t - il - t(a;o;s)) (t - s) 

— g ^last (#0js)) 

X [(t ^last(^05 ^)) “I” (^last(^05 ^first(^05 ^)) “I" (^first(^05 ^)] ^2 ^4^ 

< C 2 c 3 [e-(*-W*o; 5 )) (t _ tlast{xo . 5)) + T + e-(^(*o;-)--) (tfirBt(a?o; *) - *)] 

<C 2 C 3 0+T 
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For the term (III), we first see that 


b(r,x o +rj;s) — b(r,x 0 -,s) 


T n Mr,x 0 + r]-y-s)-u(r,x 0 ~y,s) 

J {y) - dy 


< C A \\J' 


Thus, 


rt . 

|(III)| < C 4 ||J'|| L l (R) y e -! r (l-fu(TAT,X 0 -,s)))dT dr 


— CaWJ'Wl^r) [ 

_ J s 


r^first ( x 0 5 s ) 


ft last (#0 j 5 ) 


e ~ Ir^-MrM'T^O^dr^ _|_ f v ' e -f^{l-f u (r,u(r,xo]s)))dT^ r 

_ _. *^^first (^0 5^) 


(III-l) 


(III- 2 ) 


_|_ f g— /* (l—fu(T,u(T,Xo;s)))d,T dr 

•'hast (so ;s) 


(III- 3 ) 


We estimate (III-l), (III-2) and (III-3). For (III-l), we obtain from ()2.12l) that 


hirstl^CS'S) _ J' _J_ /’‘last (Ad ; s ) ft 


/TTT1 S , -I, .. ' + r laet ) 0, {+ , J(l-/u(T,li(T,X 0 ;s)))dT , 

(III-l) = / e LJr Jt flrst( a: oi s ) J ‘iastOo; s ) J v u ’ ,n dr 

/ ^first (*^05^) 

g (^first (®0;s) Og ^last (#05^)) 

— g^O^g ^last (*^0 js)) ^ _ g (^first (^05^) 


Similarly, 


(IH-2) = [ tla - stiX0 ’ S) e -[fr last(x °' s) +fL t (* 0 -,s)](i-M T MT,xo;s)))dT dr 
*^first (^0 j s) 

f*^last (*^0 j^) 


< e 


C 0 T 


I 


-(*-hast(*o;s))^ r < gCbTjig-d-tiastfxo;;*)) J'gCoT 


^firstf-TOi 5 ) 


and (HI-3) < J t * t ( xo -s) e ^ r ^ r = 1 ~ e ^ hast (so ;s)) < i Hence, 


(III) < C 4 \\J'\\ Llm (e C ° T + Te C ° T + l). 


(2.15) 
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For the term (IV), using \b(r, xo;s)| < ||llz , 1 (M) and Taylor expansion as in the treatment 
of the term (II), we have 

I (IV) | < ||J'||li(r)^ e -fr^-M T ’ u ^ x o ■+v*;s)))drfj f uu (j -, u(t , xq + rj*; s))u x (t , x 0 + 77 *; s) dr^jdr 


s 

"S 

VI 

J (t — r)e 



/*£first (#0 js) 


sr 

•s 

II 

/ 

(t - r)e“ 


(IV- 1 ) 


[ laSt< ' ° ^ _ r ^ e ~ fr(^-fu{ T M T < x O+V*\s))) d T^ r 

tfi rst. (XO I S 


+ 


' ^first (^-0 5 s ) 


(IV- 2 ) 


/ u t 

(t _ r \ e ~ Sr (l-MT,u(T,XO+V*;s)))dT dr 


' ^last (®0 5 s ) 


(IV- 3 ) 


where |r/*| < \q\ < 5. Similar to (III-l), (III-2) and (III-3), we have 

ft first (®0 j 5 ) 

(IV-1) = / 


\ t - r)e~ [/> t( " 0iS) +fLd*o;°) ] Ur,u{r,x 0 +^s)))dr ^ 


<e c ° T 
< e c ° T 


ft first (*^0 j*®) 


[(* - tiast(*o; «)) + T + (t firs t(x 0 ; s) - r)] e -(W(*o;.)-r) e -(t-t lailt (*o;-)) dr 

^•first (®0;s) 


. / w /* I firstl‘ r 0 5 s J 

(t - tiast(®o; s))e- (t -^ t(a;o;s)) / e -(W(*0;»)-r) dr 

J s 


+ T 


f*^first (^0 j*®) 


r^first (#0 j-®) 


e -(W*o;*)-r) dr + / (tfirstfao; 5) - r )) e_ ^ first ;s ) _r )dr 


< e 


C 0 T 


_ g (^first (*^0 5^) •®) 


+ T(1 - e -(W(*o;«)-»)) + (1 _ (1 + t first (x 0 ; s) - s ) e -(W(*o;»)-«)^ 


< e 


C 0 T 


(; 


(IV-2) = 


< e 


< e 


+ T + lj , 

rt^t(x 0 ,s)^ _ r)g -[/> t( "0 ;s ) +// iast(xQ;s) ] 

^first (^05'®) 

/‘^last(* z '0l s ) 

I [(i - ^last(®o; «)) + (W(®o; s) - r)]e _(t_tlast(:Eo;s)) (ir 

^•first Oo j^) 

^•last (®0 5^) 

(iiast(^o; s) - r)dr 


C 0 T 


C 0 T 


T(t-t last (x 0 -s))e-^- t ^ xo ^+ f 

Jtf 


^•first (#0 js) 


,/T T 2 
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and 


(IV-3) < 


' hast (■>'0 : s) 


(t - r )e~^dr = 1 - (1 + t - t last (x 0 ; s )) e -(*-*i«rt(*o;«)) < L 


Hence, 


|(IV)|<C 3 ||J'|| L i (R) 


° C ° T {1 


o C 0 T 


T : T 2 \ 

e 2) 


Consequently, (12.111) follows from (12.131) . (12.141) . (12.151) and (12.161) . 


(2.16) 

□ 


3. Uniform steepness 

In this section, we study the steepness of transition fronts and prove Theorem ll.3l Through¬ 
out this section, we assume (H1)-(H3). Theorem 11.31 will be a simple result of the following 
theorem. 

Theorem 3.1. For any M > 0, there exists aj./ > 0 such that 

sup u x (t,x;s ) < -qm 

xe[X(t;s)-M,X(t;s)+M] 

for all s < 0, t > s. 

Assuming Theorem 13. 11 we prove Theorem 11.31 

Proof of Theorem \l.S\ It follows from Proposition ll.l( 2)(ih ()2.1I) and Theorem 13. 11 □ 

To finish the proof of Theorem 11.31 we prove Theorem 13.11 which is based on the following 
Lemma, whose proof is inspired by the proof of [TJ Theorem 5.1] and [19, Lemma 3.2]. 

Lemma 3.2. For any t > to > s, h > 0 and z € M, there holds 

rz+h 

u x (t,x-s)<C u x (to,y,s)dy, Vx € R, 

J z—h 

where C = C(t — to, \x — z\, h) >0 satisfies 

(i) C —> 0 polynomially as t — to —l 0 and C —> 0 exponentially as t — to oo; 

(ii) C : (0, oo) x [0, oo) x (0, oo) —>• (0, oo) is locally uniformly positive in the sense that 
for any 0 < t\ < ti < oo, M\ > 0 and h\ > 0, there holds 

inf C(t,M,h)> 0. 

Proof. Let e > 0. Let v\(t,x;s) = u(t, x + e; s) and V 2 (t,x-,s) = u(t,x;s). We see that 
v(t, x ; s ) := v\ (t, x\ s) — V 2 (t, x; s) < 0 by nronotonicity and satisfies 

v t = J*v-v + f(t, vi) - f(t, v 2 ). 

By (H2), we can find K > 0 such that f(t,v i) — f(t,v 2 ) < —K{y\ — v 2 ), which implies that 

vt < J *v — v — Kv. 

Setting v(t,x;s ) = el 1+A ^ t_t °^u(t, x; s), we see 

Vt < J *v. 


(3.1) 
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Since v < 0, we have v < 0, which implies J * v < 0 by the nonnegativity of J by (HI), 
and therefore, vt < 0 by ( 13 . 11 ) . In particular, v(t,x\s) < v(to,x;s). It then follows from the 
nonnegativity of J and ( 13 . 1(1 that 

v t (t,x;s) < [J *v(t,-\s)]{x) < [J *v(t 0 ,--s)](x). (3.2) 

For each x € M, ( 13 . 21 ) is an ordinary differential inequality. Integrating ( 13 . 11 ) over [to,t] with 
respect to the time variable, we find from v(to,x\ s) < 0 that 

v(t,x-,s) < ( t-t 0 )[J *v(t 0 ,--,s)](x) +v(t 0 ,x]s) < (t-t 0 )[J *v(t 0 ,--s)](x). 

In particular, for any T > 0, we have 


v(t 0 + T,x-s ) < T[J *v(t 0 ,--s)](x). (3.3) 

Then, considering (13.11) with initial time at to + T and repeating the above arguments, we 
find 

v(to + T + T,x;s) < T[J * v(t 0 + T, •; s)](x) < T 2 [J * J * v(t 0 , •; s)](x), 

where we used (|3.3D in the second inequality. Repeating this, we conclude that for any T > 0 
and any N = 1, 2,3,..., there holds 

v(t 0 + NT, x; s) < T n [J n * v(t 0 , •; s)](x), (3.4) 

where J A = J * J * ■■■ * J £ . Note that J N is nonnegative, and if J is compactly supported, 

N times 

then J N is not everywhere positive no matter how large N is. But, since J is nonnegative 
and positive on some open interval, J N can be positive on any fixed bounded interval if N is 
large. Moreover, since J is symmetric, so is J N . 

Now, let s G i, 2 G K and h > 0, and let N := IV(|x — z\,h) be large enough so that 

C = C(\x — z\, h ) := inf J N (y) > 0. 

y£[x—z—h,x—z+h] 


Note that the dependence of IV on x — z through \x — z\ is due to the symmetry of J N . 
Moreover, the positivity of C : [0, oo) x (0, oo) —>• (0, oo) is uniform on compacts sets, which 
is because N can be chosen to be nondecreasing in |x — z\ and in h. 

Then, for t > to, we see from (13.41) with T = that 


v(t, x: s) < jN ( x ~ y)v(t 0 , y, s)dy 


< 


t - t 0 
N 


N r z+h 


J z—h 


J N (x - y)v(to,y,s)dy 


< C 


t-to^ N N+h 
N 


rz+h 

/ v{t 0 ,y,s)dy, 
J z—h 


since x 


— y € [x — z — h, x — z + h] when y £ [z — h, z + h\. Going back to u(t, x; s ), we find 

t-to\ N r +h 


xul'brx oi — 1 — — o i (r\ or cWnoi 


u(t,x + e;s) — u(t,x;s) <Ce ( 1+ - K ’)(* t( >) 


N 


z—h 
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Dividing the above estimate by e, we conclude the result from dominated convergence theorem 
with C = (^^-) N . From which, we obtain the properties of C and finish the 

proof. □ 


Now, we prove Theorem 13.11 Recall that 0 m ; n is as in (11.61) . and c m ; n and c max are as in 
Proposition 11.11 1) (ii). 

Proof of Theorem lff.il Set 

hg : = max < sup |X(t; s) — Xe (t; s)|, sup | X(t\ s) — Xi+e (t; s)| 

l s<0,t>s 2 s<0,t>s 2 

By Proposition ll.ll lKnh hg < oo. Then, 


X(t 0 ;s) + hg > Xe(t 0 ;s), X(t 0 ; s) - hg < Xi+e(t 0 ; s) (3.5) 

2 2 

for all t o > s. Now, for any r > 0 and to > s, we apply Lemma 13.21 with z = X(t$]s) and 
h = hg to see that if |x — X(to ; s)| < M, then 

cX(to;s)+hg 

Ux(to,y;s)dy 

J X(to;s)—hg 

= C(t,M, hg)[u(t 0l X(t 0 -,s ) + hg\s) - u(t 0 ,x(t 0 -,s) - h e ;s )] 

< C{t , M, hg)[u(t 0 , Xe (t 0 ; s); s) - u(t . 0 , Xi+e (t 0 ; s); s)] 

2 2 

C(t, M, hg) 


r : 

u x (t+ t 0 ,x;s) < C(r,M,hg) / 

J x 


(3.6) 


where we used (13.51) and the monotonicity in the second inequality. Notice C(r,M,hg) —> 0 
as r — > 0. 

To apply (13.61) . we see that if \x — X(to + 1; s)| < M, then 

\x - X(t 0 ;s) | < \x -X(t 0 + l;s)| + |X(t 0 + l;s) - X(i 0 ;s)| < M + c max , 

where we used Proposition II. 11 lffiih We then apply (13.61) with M replaced by M + c max and 
r replaced by 1 to conclude that 

, 1 ^ ^ C(l, M c max , hg) 

Since to > s is arbitrary, we have shown 

sup sup u x (t,x\s) < 0 . 

s<0,f—s>l xG[X(t;s)-M,X(t;s)+M] 


To finish the proof, we only need to show 


sup sup u x (t,x\s) < 0 . 

s<0,0<t—s<l 3:6 [X (t;s)—M,X(t;s)+M\ 


(3.7) 


To this end, we recall 

u x {t,x;s) = 0 Mn(*-y a )e _ ^ (1_/ “ (T ’“ (T,x;a))) ‘ iT + f b{r,x;s)e-fr( 1 -MrMr,x-,s)))dr dr ^ 
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where b(t, x: s ) = J R J\x — y)u(t , y; s)dy = f R J(x — y)u x (t, y; s)dy. It is just the solution of 
the initial-value problem 

(u x )t = j * U x - u x + fu{t,u)u x , U x (s,x-s) = (j)' min (x - y s ). 

Set a := inf(f, x )gRx[o,i] fu(t,u ) < 0. Since (p' min < 0 an d b(t,x\s ) < 0, (|3.8|> implies 

U x (t, x ; s) < (j)' min (x - y s )e^ (1 ^ a)(i_s) + f b{r, x; s)e~^ 1 ~ a ^ t ~ r) dr. 

J S 

In particular, 

u x (t,x-,s) < c/)' min (x - y s )e~^ a ^ if 0<t-s<l (3.9) 

For 0 < t — s < 1, we have from X(t; s ) E [c m i n ,c max ] by Proposition II. Il l) (ii) that 

X(t-s) - X(s-s) € [c min (t - s),c max (t - s)] C [0, c max ]. (3.10) 

Recall that for any A E (0,1), X\(t;s ) is such that u(t, X\(t; s); s) = A. In particular, 
Xa(s; s) is such that d) mi„ (X\(s\ s ) — y s ) = A. Thus, X\(s ; s) — y s is independent of s. From 
the construction of X(t\ s ) in Theorem |21l Theorem 4.1], we know X(s; s) = X\ t (s; s) + C\ 
for some A* E (9 ,1) and C\ > 0. Hence, there exists C -2 E M such that X(s; s) = y s + C 2 for 
all s < 0, which, together with (13.101) . implies 

X(t- s ) - y s = X(t; s ) -X(s; s ) + X(s; s) - y s E [C 2 , C 2 + c max ]. 

Now, if x E [X(t; s) — M,X(t; s ) + M], then 

x — y s = x — X(t] s) -{- X(t; s) — y s E [— M, M ] + [C* 2 , C 2 + c ma x] C [C 2 ~ A'f, C 2 + c max + ilT]. 
In particular, there exists cm > 0 such that 

SU P ^minO - 2/s) < SUp ^mintT) < “ C M, 

xe[X(i;s)-lW,A-(t;s)+M] xG[C 2 -Af,C 2 +c ma x+M] 

since is continuous and negative everywhere. It then follows from (13.9|) that 

sup sup u x {t,x\s)<~CMe~ <Kl ~ aS> - 

s<0,0<t-s<lx£[X{t;s)-M,X(t;s)+M] 

In particular, (13.71) follows. This completes the proof. □ 

For A E (0,1), let X\(t) be such that u(t, X\ (t)) = A for all (El. It is well-defined by the 
monotonicity of u(t,x ) in x. As a simple consequence of Theorem 11.31 we have 

Corollary 3.3. For any A E (0,1), X\ : R —> M is continuously differentiable and satisfies 
sup teK |AT A (t)| < 00 . 

Proof. Let A E (0,1). By Theorem 11.31 and the fact that sup igR |X\(i) — X(t)| < 00 due to 
Propositioi jl.ll 2lfii). there exists some a\ > 0 such that 

supu x (t,X x (t)) < -a\. (3.11) 

tgR 

Then, since u(t,X\(t)) = A, implicit function theorem says that X\(t) is continuously differ¬ 
entiable. Differentiating the equation u(t,X\(t)) = A with respect to t, we find 

X ,.s = Ui(t,X\(t)) 

AU u x (t,X x (t))- 


The result then follows from (13.111) and the fact sup^ ia ,) eRxR \ut(t, x)\ < 00 . 


□ 
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4. Stability of transition fronts 


In this section, we study the stability of transition fronts and prove Theorem ll.41 Through¬ 
out this section, we assume (H1)-(H4). To this end, we first prove a Lemma. Let c m ; n , c max 
be as in (ll.Bj) . M\ be as in (11.101) . and T = T Q be as in (11.111) . 

Lemma 4.1. (i) Let I(r) = f R J{x)e~ rx dx for r G R. Then, 

for some f = f(r) satisfying |f| < |r|. 

(ii) There exists ao > 0 satisfying that for any 0 < a < ao, there exists M 2 = M 2 (a) > 
Mi + 1 such that 


| e a(x—Aii)[j ^ r ]( x ) — !| < Vx>M 2 . 


In particular, 


|[J*T](s) - e~ a ( x ~ Ml) \ < y x > m 2 . 


(4.1) 


Proof, (i) By (H2), I(r) is well-defined for any r € M and it is smooth in r. We see 1(0) = 1. 
Since 


I'(r) = — f J(y)ye ry dy -A- 0 as r —> 0 

Jr 


due to the symmetry of J, we have I'{ 0) = 0. The result then follows from second-order 
Taylor expansion at r = 0. 

(ii) Since T(x) = e - a ( x ~ M P for x > Mi + 1, we deduce 
e a{ - x ~ Ml) [J *T](x) - 1 


= e a{x ~ 


/ Mi+1 roo 

J{x - y)Tfy)dy + / J{x-y) 
-00 J 


-y)e a ^- y )dy- 1 


(4.2) 


For the first term on the right hand side of (14.21) . we see that since J(x ) decays faster than 
exponential functions by (H2) at — 00 , it is not hard to check that e a ( x ~ M i) J(x — 

y)T(y)dy -A 0 as x —> 00 . Notice this limit is locally uniform in a € [0, 00 ). Thus, there 
exists M 2 = M 2 (a) > 0 such that 

r-Mi+l 


,a(x— Mi) 


/ 

J —( 


J{x- y)T(y)dy 


< 


QlC n 


Vx>M 2 . 


For the last two terms on the right hand side of (14.21) . we have 


roo 

/ J(x — y)e° l ^ x ~ y " > dy — 1 

J Ah +1 


< 


/*oo 

/ J{y)e~ ay dy- 

1 

J Mi~\~l—x 



[ J{y)e~ ay dy — 1 
Jr 

+ 

/_ 


—x 


J{y)e ay dy 


By (i), we conclude that there is «o > 0 such that for any 0 < a < ao, | f R J(y)e ay dy- l| < 
Since | x J(y)e~ ay dy | -A 0 locally uniformly in a £ [0, 00 ) as 1 A 00 , we can 


16 
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find some M 2 = M 2 (a) > 0 such that 


J(y)e ay dy 


< 


GlCrj 


16 


Mx > M 2 . 


Hence, 


r 00 

/ J(x-y)e a{x ~ y) dy- 1 


<^, Vx > M 2 . 


The result follows with M 2 = max{M 2 ,M 2 }. 

Now, we prove Theorem 11.41 

Proof of Theorem\1.4\ (1) Let ckq be as in Lemma ITT! For given 0 < a < ao, set 


Csteep = CsteepC®) := ~ Slip Slip U x (t,X ) > 0 

te R xe[x(t)-M2,x(t)+M 2 \ 


by Theorem 11.31 Set 

Finally, set 

= eo(a) : = min 


sup | f u (t,u)\ and A = A(a) : = 


. 2C /u + 1 


(t,u)GMx [0,oo) 


1-0 0 1 Cn 


a 


steep 


2 2’4A’ 4H 


and oj = u;(a) := min < /3 


ac„ 


□ 


(4.3) 


(4.4) 


where /3 > 0 is as in (H4). Clearly, fi < Cf u . 

We are going to prove (1) by constructing appropriate sub-solution and super-solution. 
We first construct a sub-solution. Let 


u (t, x; to) = u(t, x — £ (t)) — q(t)T(x — C (t)—X(t)), t>to, 


where 

C-(t) = Co" - —(1 - and 9 (t) = 

a; 

Clearly, £ _ (t) = ~Aq(t) and g(t) = —uq(t). We claim that u~ = u~(t,x]to) is a sub-solution, 
that is, uf < J *u~ — u~ + f{t,u~). To show this, we consider three cases. 

Case 1. x — C~{t) ~ X(t) < — M 2 . For such x, u~ = u(t,x — CO — q(t ). We see 

uf — [J * u~ — u~] — f(t , u _ ) 

= u t (t,x- CO - C - (t)u x (t,x - C ~0 - g(i) - [[J *u(t, ■ - CO]( x ) - u(t,x- CO] 
+ P * r (- - C(t) - x OK x ) - !]<?(*) - ) 

= f(t,u(t,x- CO) - f{t,u ~) - C(t)u x (t,x - CO + uq{t) 


Notice £ ( t)u x (t , x — £ (i)) > 0. We see that u(t, x — £ ( t )) > by the choice of Mi in 
(11.101) and M 2 . Since e < eo < there holds u~ > 0. Thus, by (H4), we find 

f(t,u(t,x- CO) - f(t,u~) < —f3q(t). 
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Moreover, trivially [J * T(- — Cit) — X(£))](x) < 1, since F E [0,1]. Hence, 

C — [J * u~ — u~\ — f(t, u~) < —j3q(t) + uq(t) < 0. 

Case 2. x — Cit) — X(t) > M 2 . For such x, u~ = u(t, x — CO ~ q(t)e~ a ^ x ^ . 

We see 

uj — [J *u~ — u~] — f(t, u ~) 

= u t (t,x- (~(t )) - C{t)u x (t,x- CO - [q(t) + aq{t)((~(t) + X(t))\e~ a ( x ~ c 
- P *u(t,- -C - (*))](*) - u(t,x - C(t))] 

+ P * r(- - Cit) - X(t))](x) - e -a(*-C _ /(i) 

= f(t, u(t , X - CO) - fit, U ~)) - C(t)u x (t, X - CO 
~ [q{t) + aq(t){(-(t) + xOO a{x ~ C{t) ~ X{t) ~ Ml) 

+ P * r(- - at) - X(t))}{x) - e - a ( x -<~®- x ®- Ml )]q{t) 

Again, (~{t)u x {t,x — CO > 0. We see that u(t,x — (~(t )) < | by the choice of M\ 
and M 2 , and therefore, u~ < u{t,x — (~0 < |. Thus, f{t,u{t,x — £ ~(t ))) = 0 = f{t,u~). 
Moreover, 

q(t) + uq(t)((-{t) + X{t)) = (-w - Aaq{t) + aX(t))q(t ) > {—oj - Aae 0 + ac mid oft). 
Also, by (14.11) . we have 

[J * T(- - at) ~ X(t))](x) - e -«(*-C-W-x(t)-Mi) 

= f J(x- C(t) - X(t) - y)r(y)dy - e -«(*-C-(t)-*(t)-Mi) 

JR 

< aCmin c -q(a;-C- ) 

~ 4 

It then follows that 

uf — [J *u~ — u~] — f{t, u~) < + Aaeo — ac m i„ + ac ™ m ^ (t)- x (t)- M A < q. 

Case 3. \x — Q~(t) — X(t)[ < [—M 2 ,M 2 ]. We compute 

u t — [ J * u ~ ~ u ~] ~ fit-, u ) 

= utit,x- at)) - c ~it)u x it,x~ at)) 

- q(t)Fix - Cit) ~ X(t)) + q(t)T'ix - Cit) - I(t))tW + X(t)} 

~ P *u{t,- ~CO]ix) -uit,x~at))} 

+ P * r (- - Cit) - X(t))]ix) - r(x - at) - x(t))]q(t) - f(t,u~) 

= fit , u{t, x - at))) - fit, u~) + Aqit)u x {t, x - Cit)) 

+ ujq{t) F(a; - Cit) ~ Xit)) + qit)T'ix - Cit) -X(t))[A(f) - Aqit)\ 

+ P * r(- - at) - xmix) - Fix - cit) - xit)Mt). 
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We see that 


\f(t,u(t,x - (~{t))) - f(t,u~)\ < C fu q(t), 

Aq(t)u x (t, x — C ~(t)) < -AC steep q(t), 
uq(t)T(x - C ~(t) ~ X(t)) < uq(t), 

q(t)T'(x - (~(t) - X(t))[X(t) - Aq(t )] < q{t)T'(x - (~(t) - X(t))[c min 

[[J * r(- - C(t) - *(t))](®) - r(x - c(f) - x(t))} q (t) < q (t). 


It then follows that 


Aeo] < 0 , 


u t ~[J *U - U } - f(t, U ) < (Cf u - ^Csteep + OJ + l)q(t) < 0. 

Hence, we have shown u~[ — [ J * u~ — u~ ] — f(t, u~ ) < 0, that is, u~ is a sub-solution. By 
the first inequality in (1 1.12 p and comparison principle, we conclude that 

u(t,x- C~(t )) - q(t)T(x - C ~{t) - X(t)) = u“(t,x;t 0 ) < u(t, x; t 0 , u 0 ). (4.5) 

For the super-solution, we set 

u + (t, x; to) = u(t, x — £ + (t)) + g(t)r(x — £ + (t) — X(t)), t > to, i£l, 

where 

c + (t) = Co + + —(1 - e -"(*-*>)) and g (t) = ee~ u{t - to) . 

UJ 

The proof of u + = rt + (f,x;to) being a super-solution, that is, uf > J * u + — u + + f(t,u + ), 
follows from arguments for the sub-solution. We outline the proof for completeness. 

Case 1.x — £ + (t) — X (t) < —M 2 . We compute 

uf — [J * u + — u + ] — f(t , u + ) 

= f(t,u(t,x- C + (0)) - -C + (t)u x (t,x - C + (0) - w«(() 

- P * r(- - (+(t) - v(t))](x) - i]g(f) 

> Pq{t) — cug(t) > 0. 

Case 2. x — £ + (t) — X(t) > M 2 . We compute 
uf -[J*u + - u + ] - /(t, u + ) 

= /(*, x - C + (*))) - f(t, u + ) - C + (t)^(t, x - C + (t)) 

+ [<*(£+(t) + X(t)) - w]g(t)e- a (*- c+ W- Jf W- Ml ) 

- [[J * T(- - C + (t) - X(it))](x) - e -«(*-C + (tl-ixrw-jwr!)] 9 (f) _ 

We see u(t,x — £ + (t)) < §, and therefore, u + < 9 since eo < |. In particular, /(t, u(t, x — 
C + (^))) - /(*,« + ) = 0. Since ~( + (t)u x (t, x - £ + (t)) > 0, 

a(£+(t) + X(t)) — u > aAq{t ) + ac m i n — w > 0 


and 


[J * r(- - C + (t) - X(t))](x) - e -«(*-C-*-(*)-JC(t)-Afi) < ^£min e _ a(a ,_ C (t)-X(t)-M0 ? 


4 
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we have 

u + - [J * u + - u+] - f(t, u+) > (aAq(t) + ac min -u- q {t)e~ a ^ + ^- x ^- M ^ > 0. 

Case 3. \x — ( + (t) — X(t)| < M 2 . We compute 

u t ~ [J * u+ ~ n+ ] — /(^> u+ ) 

= fit, u(t, x - C + (t))) - fit, u + ) - C + (t)u x (t, x - C + {t)) 

- uq{t)T{x - C + {t) - x{t)) - q(t)T'(x - ( + (t ) - X(t))(Aq(t) +X{t)) 

- [[J * r(• - c + (t) - x(t))](x) - r(x - C + W - x(t)Mt)- 

We see that 

fit, u{t, x - ( + it ))) - fit, n + ) > -C fu q(t ), 
~( + it)u x {t,x - C + (i)) > 0, 

-uq(t)r(x - C + (0 - X{t)) > -uq{t ), 

-g(t)r'(s - C + W - x(t))(Aq(t) + x(t)) > o, 

-[[j *r(- - c + (t) - Xit))](x) - r(x - C + it) - x(t)Mt) > - q (t). 

It then follows that 

uf - [J *U + - U + } - fit, U + ) > (^Csteep - Cf u - U~ l)<?(i) > 0. 

Hence, u + is a super-solution. By the second inequality in (11.121) and comparison principle, 
we conclude that 

u(t, x; t 0 ,u 0 ) < u + it, x; t 0 ) = u(t, x - C + W) + q{t)T{x - C + (i) - X(t)). (4.6) 

The result then follows from (|4.5I) and (|4.6I) . 

(2) Note first that there is 0 < a = a(/3o) < ao satisfying that for any e € (0, eo(a)], there 
exists ^ = C^( e > n o) £ with Co" < Cq~ such that 

u(to,x- Co") - er Q (x - Co" - X(to)) < U 0 (x) < u(t 0 ,x- Co") + «r a (x - Co" - X(t o)). (4.7) 
We then conclude (2) by applying (1) and noticing that liirp^oo C ± (^) exist and T £ [0,1]. □ 

Note that the proof of Theorem 11.41 21 does not depend explicitly on the condition on uq 
as in the statement of Theorem 11.41 21: instead, it only needs (|4.7|) . This observation allows 
us to prove the following corollary, which generalizes Theorem 11.41 21 to more general initial 
data. 

Corollary 4.2. Let u{t,x) and X(t) be as in Provo sitior i 1.1 V 2 ). Let /3 q > 0. Suppose to € M 
and uq £ C^ nif (M, M) satisfy 

\u 0 : M -A [0,1], liminf a ,^._ oo {t 0 (x) > 0; 

> 0 s.t. |n 0 — u(to,x)\ < Ce~^ x ~ x( ' t °^ for 

Then, there exist to > 0 and eo > 0 such that for any e £ (0, eo], there are C± = C±( e > u o) € 
and t\ = ti(e,uo) such that 

uft, x — C-) — ee - ^^ 1 ) < u{t, x; to,iio) < u(t, x — C+) + ee 
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for all x £i and t >t\. 


Proof. The idea is that we allow the solution u(t,x',to,uo) to evolve for some time. Due to 
the asymptotical stability of 1, it will develop into some shape satisfying (321). Then, we 
apply Theorem 11.41 21 at that time to conclude the result. 

Modifying uq near —oo, we can find uq G C ^ ni f (R, R) satisfying uq > uq and 

(uq : M —>■ [ 0 , 1 ], ito(-oo) = 1 ; 

|3C > 0 s.t. \uo — u(to,x)\ < Ce~P°( x ~ x ( to ^ for i£l. 

In particular, we can apply Theorem 11.41 21 to uq to conclude that 

u(t, x; t 0 ,u 0 ) < u(t , x - C + ) + q{t)F a (x - C + ~ X(t)), (4.8) 

where q(t ) = e —*o) anc | j s the same as in the proof of Theorem 11.41 21. Notice (14.81) 
holds for some 0 < a < ao- Since uq > uq, we have from comparison and (14.81) that 

u(t, x- t 0l u 0 ) < u(t , x - C + ) + q{t)F a (x - C + - X(t)). (4.9) 

Thus, for a fixed small e > 0, we can find some t\ = fi(e) S> to such that q(t) < e, and then, 

u(ti,x;t 0 ,uo) < u(h,x- C + ) + er Q (x - C + - Xfh)). (4.10) 

Next, we construct an appropriate lower bound for u(ti,x]to,uo). This actually follows 
from the asymptotic stability of the equilibrium 1. More precisely, since lim inf^^-oo uq(x) > 
6 , there exist Aq € (6, lim inf iio(x)) and a function uq G (^ ^^ (R, R) satisfying 


3 X\ < X2 s.t. Uq{x) = 


Ao 

0 


if x < x\, 

if X > X2 


such that uq < uq. Now, we consider the solution usit, x; uq) with initial data ub{ 0, •; uo) = 
uq of the following homogeneous equation 


where f B ■[ 0,1] 


u t = J*u-u + f B {u ) 

is a bistable nonlinearity satisfying the following conditions 


(4.11) 


'f B G C 2 ([0,1]), f B ( 0) = 0, f B (d) = 0, f B ( 1) = 0, 

, f' B {0 ) < 0 , f' B { 1 ) < 0 , 

f B {u) < 0 for u G (0, 9), 0 < f B (u) < f min (u) for u G (6, 1), 

Jo 1 f B {u)du > 0 and 1 + f' B {u) >0 for u G [0,1]. 

Let c B > 0 be the unique speed of the traveling waves of (14.111) . and we fix some profile ct> B . 
Since f B < fmin < f(t,u ) on [0,1], we conclude from the comparison principle that 

u B (t - t 0 , x; Uq) < u(t, x; t 0 ,u 0 ). 

It is known (see [I] Theorem 4.2]) that there exists G R, e B > 0 and ui B > 0 such that 
(j) B {x - c B t - C B ) - ese _Ws(i ^ o) < u B (t - t 0 ,x;u 0 ) < cj) B (x - c B t - C B ) + 
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In particular, us(t — to,—oo;uo), and hence, u(t,x;to,uo), approaches to 1 exponentially 
fast. Thus, making a > 0 so small that oj is small and choosing t\ larger if necessary, we can 
guarantee that 

u(ti,-oo-,t 0 ,u 0 ) > 1 - 

Thus, choosing a > 0 further small if necessary, we can find (“ £l such that 

u(ti,x- C) ~ eT a (x - X(ti)) < u(ti,x;t 0 ,uo). (4.12) 

Finally, in the presence of (I4.9[) and (|4.12|) . we can apply Theorem 11.4( 21 to u(ti,x;to,uo) 
to conclude the result. □ 


5. Asymptotic stability of transition fronts 


In this section, we study the asymptotic stability of u(t, x) and prove Theorem 11.51 We 
assume (H1)-(H4) throughout this section. 

We first prove two lemmas. The first one concerns the exponential decay of u x (t,x + X(t)) 
at Too. 


Lemma 5.1. There exist c± > 0, C± > 0 and h±> 0 such that 

0 > u x {t,x) > -C + e- 5 +( x ~ x W-~ h +\ Vx > X{t) + h + , 
0 > u x {t,x) > -C-e 5 -( x - x ® + ~ h -\ Vx < X{t) - 

for all t € M. 


Proof. We prove the first estimate for u x (t,x). By monotonicity, u x (t,x ) < 0. Since X(t;s) 
and u x (t, x; s ) converge locally uniformly to X{t) and u x {t , x), respectively, it suffices to show 

u x (t,, x; s) > — Ce~ c ^ x ~ x ^ s ^~^\ Vx > X(t] s) + h (5.1) 

for all s < 0, t > s. To this end, we set 

C= sup \u x (t, x; s)| and h > sup \X(t] s) — Xg(t] s)|. 

s<0,i>s S<0,t>S 

xG* 

By the choice of h, we have f(t,u(t,x-,s )) = 0 for x > X(t‘,s) + h. Since u x (t,x;s) satisfies 
(■ u x )t = J * u x — u x + f u (t, u(t, x; s))u x , we see that u x (t, x; s) satisfies 

( ^x)t — J * Ux 'U’xi ^ X(t, s) T h. (5.2) 


Define 
We compute 


N[v] = vt — [J * v — v\. 


jV[_(5 e _c ( x- - x '( t )-^)] = —Ce~ c ^ x ~ x ^ > ~^ 
< _(J e -c{x-X(t)~h) 


cX(t;s ) - / J(y)e cy dy + 1 
J R 

/ J(y)e cy dy + 1 
Jr 


CCmin 


Setting g(c ) = cc min - f R J(y)e cy dy + 1, we see g{ 0) = 0 and g'(c) = c min - J R yJ(y)e cy dy. 
Since c m ; n > 0 and J R yJ(y)e cy dy —>• 0 as c —>• 0 by the symmetry of J, we are able to find 
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c > 0 such that g(c) > 0. It then follows that N[—Ce c ( x < 0. In particular, by 

(IB.211 . we have 

N[u x ] = 0 > N[-Ce-^ x - x ^-~% x > X{t\ s) + h, t>s. (5.3) 

Moreover, we trivially have 

u x (t,x] s) > — C > — Ce~ c ( x ~ x ( tS> ~h\ x<X(t]s) + h, t>s. (5.4) 

Also, at the initial moment s, choosing c smaller and h larger (if necessary), we have 

u x (s,x\s) = (j)' min {x - y s ) > -Ce~ c ^ x ~ x ^~^\ (5.5) 

We then conclude from (15.311 . (15.411 . ((5.511 and the comparison principle (see Proposition 
IA.1H that ((5.111 holds. We point out that the above arguments work due to the fact that 
X(t, s ) > c m j n > 0. 

For the second estimate for u x (t,x ), we notice that if we choose h be such that 

h> sup \X(t\ s) — s)|, 

s<0,t>s 

where 9 is as in (H4). Then, f u (t,u(t,x-, s)) < —/3 for x < X(t;s ) — h. It then follows that 
u x (t,x-,s ) satisfies 

(■ u x ) t > J * u x - u x - (3u x , x < X(t; s ) - h. 

The rest of the proof then follows from similar arguments as above if we consider 

N[v] = vt — [J *v — v\ + j3v. 

This completes the proof. □ 

The second lemma, improving Theorem D3( l), is the key to Theorem 11.51 Shall not cause 
any confusion with u(t,x\s), we will use u(t,x',to) to denote a solution of (11.311 with initial 
condition at time to. Recall a > 0 is small, and T = T a , A = A(a), eo = eo(aO an d w = w(a) 
are as in (11.11H . (14.3(1 and ((4.4(1 . 

Lemma 5.2. Suppose there exist £ G R, 5 > 0 and e £ (0, eo] such that 
u(t, x — C) — eT(x — ( — X(t)) < u(r, x; to) < u(r, x — £ — 5) + eT(x — £ — 5 — X(r)) (5.6) 
for some r > to. Then, there exist large a = cr(a) > 0 and small e = e(a, eo) > 0 such that 
u{t,x- £(f)) - q(t)T(x - £(t) - X(t)) 

< u(t, x ; to) < u(t, x — £(t) — S(t)) — q(t)T(x — £(t) — 8(t) — X(t)) 
for all t > t + a, where 

£(t) £ [£ - —,£ + emin{l,h}], 

UJ 

0 < 5(t) < 6 — emin{l, h} 4-, 

UJ 

0 < q(t) < (| + Ce min{l, 8})e ~ u ’^ t ~ T ~' 7 ^, 
where C > 0 is some constant and Ce < . 
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Proof. Applying Theorem 11.41 1) to (15.61) . we find 


u(t,x- C r (t)) - q T {t)V(x - C T (t) - X(t)) 

< u(t,x;t 0 ) < u(t,x- (+(t) - 6) + g r (t)T(x -(+(t)- 5- X(t)) 


(5.7) 


for all t > r, where £±(t) = ( ± ^(1 — e - w (*- T )) and q T (t) = 

We modify (15.71) at the moment t = r + cr for some cr > 0 to be chosen to obtain a new 
estimate for u(t + a , x; to) j an d then apply Theorem 11.41 11 to this new estimate to conclude 
the result of the lemma. To this end, we set 

5 = min{<5,1} and C stee p = ^ sup {u x (t, x)| \x - X(t)| < 2, t > t 0 } < 0. 

Then, for t > to, we deduce from Taylor expansion that 



[u(t, y - 5) - u(t , y)] dy > -2C steep 6. 


In particular, at the moment t = r, either 
fX(r)+l 




[u(t, y -5) - u(r, y + C; t 0 )} dy > -C ste e P d 


or 


X(t)+± 

[u(t, y + C,to)~ u{t, y)] dy > -C ste e P d 


' X(t)— 


(5.8) 


(5.9) 


must be the case. 

We first consider the problem when (15.91) holds. We are about to establish an appropriate 
lower bound for 


u(t + a, x; t 0 ) - u(t + a, x - ( T (r + a) - eS), 

where e > 0 and a > 0 are to be chosen. To do so, let M > 0 be a large number to be 
chosen, and consider three cases: (i) x — ( — X(t) £ [—M, M]\ (ii) x — ( — X(t) < —M; (iii) 
x - C - X(t) > -M. 

Case (i). x — ( — X(r) £ [—M,M ]. We write 

u(t + a, x; t 0 ) — u(r + cr, x — (r + a) — id) 

= [u(t + cr, x; t 0 ) - u(t + cr, x - (r + cr))] 

+ [u(t + cr, x - C7(r + cr)) - u(t + a, x - (t + a) - e5)]. 


(5.10) 
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For the first difference on the right hand side of (15.101) . we argue 

u{t + cr, x;t 0 ) - u(t + cr, x - ( ~(t + cr)) + q T (r + cr)r(x - (~(t + cr) - X(t + cr)) 

= u(t + cr,x;t 0 ) 

- [u(t + a, x - C + —(1 - e~ ua )) - q T (r + cj)r(x - C + —(1 - e -a;CT ) - A'(r + <r))l 

w UJ 

= u{r + a,y + C;t 0 ) 

- [«(r + a, y + — (1 - e~^)) - g r (r + a)T(y + —(1 - - X(r + a))] 


(by y = x - C <E X(r) + [-M, M]) 


(where u(t,y) = u(t,y + — (1 - e w(< r) )) - g T (t)r(y + — (1 - e ^ r) ) - X(t))) 

UJ UJ 


= u(t + cr, y + C; to) - u(t + a, y) 

\ = u(t, 
rX(r)+± 


> C(a, M) 


> C{a , M) 


fX(r )+1 


[it(r,y + C;f 0 ) -u(r,y)]dy 


[u(r, y + C; to) - «(t, y)] dy (by u(r, y) < u(r, y)) 


/X(r)-i 

> -C(a,M)C steep 6 (by ([5J|)), 

where the first inequality follows as in the proof of Lemma [3.21 In fact, we know u(t, y + £; to) 
is a solution of vt = J*v — v + f(t , v), while u(t, y) is a subsolution by the proof of Theorem 
PI Moreover, u(t,y + C; to) > u(t,y) by (15.71) . Based on these information, we can repeat 
the arguments in the proof of Lemma 13.21 to conclude the inequality. Here, C(t — r, M) > 0 
satisfies C{t — r, M) —» 0 polynomially as t — r -> 0 and exponentially as t — r —>• oo. Thus, 
we have shown 


(5.11) 


u(t + cr , x] to) - u(t + a,x - (~(t + cr)) 

> -C(a,M)C steep S - q T (r + cr)r(x - (~(r + cr) - X(r + cr)). 

For the second difference on the right hand side of (15.101) . Taylor expansion gives 

Ae ~ 

u(t + cr,x — (-(T + <j)) — u(t + a, x — (t + a) - e5) = u x(t + a, X — ( - (1 - e - ^) — x*)eh, 


u 


where x* € [0, eh] C [0,1]. Setting 


e = e(cr, M) := min < 1, 


— C'steepC* (cr 1 M ) 


> 0 , 


(5.12) 


su P(£,x)GRxK l' u x(t,x)| 

we deduce 

u(t + cr,x - Ct( t + O')) - u{t + a, x - C~(t + a) - eh) > C(a, M)C steep d. (5.13) 
It then follows from (15.101) . (15.111) and () 5.13 p that 
u(t + a, x;to) — u(r + a, x — (t + cr) — i6) > -q T (r + cr)T(x — (t + a) — X(t + a)). (5.14) 
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Case (ii). x — £ — X(t) < — M. We write 

u{t + a,x;t-o ) — u(r + cr, x - (~(t + cr) — eS) 

= [u(r + cr,x;f 0 ) - u(t + a,x - (~(t + cr))] 

+ [w(r + <7, x — C“(r + a )) - U ( T + cr,x - C~(t + cr) - eS)] (5.15) 

> -q T {r + cr)r(x - C ~{r + a) - X(r + cr)) 

+ [u(t + cr, x - (~(t + cr)) - u(t + a,x - (~(t + cr) - e<5)], 

where we used the first inequality in (15.71) . For the term in the bracket, we first choose 
M = M(a ) such that — M + — < — h_, where h- is as in Lemma 15.11 Then, we have 


x — C T (t + cr) — X(r + cr) < x — ( T (t + cr) — X(t) 

= x - ( ~ X(t) + — (1 — e~ ua ) 

UJ 

Ae ~ 

< -M H-< -h— 


It then follows from Lemma l5.ll that 

u(t + cr, x - (t + cr)) - u(t + a,x - C,~(t + a) - eS) 

= u x (t + a, x — (-(t + a) — x*)e5 (where x* G [0, e<5] C [0,1]) 

> _^'_g£-ri-C7 (T+a)-x*-X(T+(j)+h-) -<■ 

— _(J_ gC_ (x-c T (r+o-)-x*-X(r)+/L)g-c_ (X(r+tr)—X(r)) gj 


> —C'_e _a “ Cmin °'e<5. 


Going back to (15.151) . we find 


u(t + cr, x ; t 0 ) - u(t + cr, x - C r (r + cr) — eS) 

> —qy(r + cr)r(x — C“(r + cr) — A'(r + cr)) — C'_e _c_Cmin ' T e5 
= — [9 t(t + cr) + C_e -c “ CminCT e<5]r(x — CT( r + a ) ~ x (t + cr)) 

> — [q T (r + cr) + C-e8]T(x — (~(t + cr) - X(r + cr)) 


(5.16) 


if we choose M large so that — M + ^ < —Mi — 1, and hence, T(x — CT( r + cr ) — X(r+a)) = 1. 

Case (iii). x — Q — X{r) > M. Choosing M = M(a,a) larger, say M — c max cr > 
max{Mi + 1, h + + 1}, we have 


x — ( T (t + cr) — X(t + cr) = x - ( - X(t) -\ -(1 - e ua ) — (X(t + cr) - X(t)) 

uj 

> M — C m aY cr > max{Mi + 1, h + + 1}. 


As a result, 

r(x - Ct (r + <r) - X(t + a)) = g-^ri-Cr-ri+^-Xri+^-Afri 
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and by Lemma 15.11 

U X (T + <T,X- C“(t + a) - X *) > C +e - 5 +("-^'( r+a)-x,-X{r+a)-h + ) ^ g [{)j j]. 

Together with the first inequality in (15.711 . we deduce 
u(t + cr, x] t 0 ) — u(r + cr, x — (r + a) — £5 ) 

> u(t + cr, x - Q~(t + cr)) — u{t + cr, x — (~{r + a) — £6) 

- q T (r + a)T(x - (r + a) - X(r + a)) 

= u x {t + a,x - (~(t + a) - x*)e5 - q T {r + a)e _a ^ _ ^ T (t+<j)-x(t+<t)~Mi) 

> _(5 e -c+(x-GT(T+<T)-x*-X(T+<r)-h + )gfi _ 


(5.17) 


(5.18) 


q T (r + a, £) = < 


> ~[C+£5 + q T (r + a)}e ~ a < x “k (r+^-XCr+a)-^ 
if we choosing a smaller so that a < c_|_. Hence, 

«(r + a, x; t 0 ) — u(r + cr,x — (r + a) — £5) 

> — \C+£5 + q T {r + cr)]T(x — (~(t + a) — X(t + cr)). 

Thus, combining (|5.14l) . (15.161) . (15.171) and the second inequality in (15.71) . we find 
u(r + cr, x - C t(t + a) - £5) - q T (r + cr, e)T(x - (~(t + cr) - X(r + cr)) 

< u(t + a, x;t 0 ) 

< u{t + cr, x - (+ (r + cr) - 5) + qy(r + cr)T(x - [r + a) - 5 - X(t + cr)), 

where 

q T (r + a), x-( - X(r) € 

q T [r + a) + C_£5, x — £ — X(r) < —M, 

C + £5 + q T {r + a), x — ( — X(t) > M. 

Observe that the first T in (15.181) is not in its right form, but from the monotonicity, 

T(x — (~(t + cr) — X(r + cr)) < T(x - (“(r + a) - £8 - X(t + a)). 

Since clearly q T (r + cr) < q T (r + a, e), we conclude from (15.181) that 

u(t + cr, x - (~(t + cr) — £5) - q(a)T(x - (~(t + cr) - £5 - X(t + cr)) 

< u(t + a,x;to) 

< u(t + cr, x - C^(e + cr) - (5) + q(a)T(x - ( x (t + cr) - 5 - X(r + cr)), 

where q(a , £) = q T (r + a , £) is independent of r. To apply Tlieorem ll. Il l ), we choose cr 
sufficiently large and £ = e(cr, M, eo) = e(ct, eo) sufficiently small so that 

e~ ua < - and (CL + C+)e < -. 

Of course, for e, we should also take (15.121) into consideration. As a result q(a. £) < eo- We 
then apply Theorem 11.41 11 to (|5.19p to conclude that 

u(t, x - C(t)) - q{cr, e)e _w(t_r_<7) r(x - (~(t) - X{t)) 

< u(t, x; t 0 ) < u(t, x - ( + (t)) + q(a, £)e~ u( ' t ^ T ~ a ' l T(x - C + (^) - X(t)) 


we see 


(5.19) 


= a(a) 


(5.20) 
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for t > r + < 7 , where 


C(t) = (-(r + a) + id - —(1 - 

id 

C+(t) = Ct(r + a) + 5 + —( 1 - e —(*--)) 

id 


) = c- 
= c + 


■ — + e~5+ — [e“^ 
w w 

2Ae Ae 


+ e 


— u}(t—r—cr )' 




+ < j_ ™r e -^ + e -« ( *-T-^i 


a; 


Let C = (7_ + (7+. Setting 

g(t) = (-TCe^e""^-^, CW = C"(0 and <?(t) = S-iS+—- — [e- Uff +e- u ^ T -^], 

2 id id 

we can rewrite (|5.20p as 

«(*>*- C (t)) - q(t)T(x - C(t) - -^(t)) 

< u(t, x; to) < u(i, x — C(t) — <5(t)) — g(t)T(x — £(t) — <5(t) — X(t)) 


for t>T + a. 

The estimate (15.211) is established under the assumption (15.91) . If (15.81) holds, then similar 
arguments lead also to (15.211) with q(t ) and S(t) of the same form and 

C(t) = c - — + — [e-^ + 

id id 

We just remark that the choice of a in this case is still independent of 5, which follows from 
the observation that replacing 5 by 5 at appropriate steps when estimating the lower bound 
for the term 

u(t + a, x — C+(r + a) — 6 + id) — u(t + cr, x; to). 

The lemma then follows. □ 


Now, we prove Theorem 11,51 
Proof of Theorem 11.51 By Theorem 11,4( 2) , we have 

u(t,x-C _ )-ee _u,(t_to) r(x-C _ -X(t)) < u(t,x\to,uo) < u(t, x—( + )+ee~ ul ^~ to ^T(x—C + —X(t)) 
for all t > to- In particular, 

u(to + T 0 ,x-Co)-qoT{x-Co-X(to + T 0 )) 

(5.22) 

<u(t 0 + T 0 ,x-t 0 ,u 0 ) <u(t,x-Co~ d 0 )+qo^(x-(a-6 0 -X(t 0 + T 0 )), 

where Co = C _ i <5o = C + — C _ > 9o = ee _ajT ° and To > 0 is chosen so that 

—e 0 e~“ T ° < (5.23) 

ui 2 

Here, we may assume, without loss of generality, that <5o > 1. We now use iteration arguments 
to reduce do- 

Let T > To. Applying Lemma 15.21 to (15.221) . we hnd at the moment to + To + cr + T, 
u(t 0 + To + a + T, x — Ci) — 9 iT(x — Ci — X (to + To + cr + T)) 

< u(to + To + a + T, x ; t 0 ,u 0 ) 

< u(t 0 + T 0 + C7 + T,x - Cl - <5i) - 9 iT(x - Ci - <5i - X(i 0 + T 0 + cr + T)), 


(5.24) 
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where 


Ci € [Co - —Co + emin{l, <5 0 }] C [Co - —Co + e}], 

UJ UJ 

0 < <5i < 5 0 - emin{l, <5 0 } + —^ = 5 0 - e + —^ < 5 0 - 

to UJ 2 

0 < qi < (y + Cemin{l,(5o})e 


- uT < e 0 e~ uT . 


If <5i < 1, we stop. Otherwise, applying Lemma 15.21 to (I5.24p . we find at the moment 
to + To + 2(er + T), 

u(t 0 + To + 2(i 7 + T),x — C 2 ) — Q 2 r(x — C 2 — X (to + To + 2 (a + T))) 

< u(t 0 + T 0 + 2(cr + T),x] t 0 ,u 0 ) 

< u(t 0 + To + 2(<r + T), x — C 2 ~~ ^ 2 ) ~ <? 2 r(x — C 2 — 82 ~ X (to + To + 2(ct + T))), 

(5.25) 


where 


C 2 € [Cl - —^,Ci + emin{l,(5i}] C [Cl - —^,Ci +?}], 


u: UJ 

0 < <L> < (5i — e minjl, 5i} H-— < — 2e + 2 -—— < 5q — 2-, 

uj uj 2 

,<h 

2 


0 < q 2 < (— + Ce minjl, 8\})e wT < eoe uT . 


5n~i 


If 62 < 1, we stop. Otherwise, applying Lemma lR2l to (15.251) . Repeating this, if <5i, 82 , 
are all greater than one 1, then we will have 

u(t 0 + To + N(a + T),x — Civ) — Tvr(x — C/v — X(to + + -/V(<r + T))) 

< it (t 0 + T 0 + IV(<t + T), x ; t 0 , u 0 ) 

< u(t 0 + To + A^(cr + T),x — Cat — <5/v) — <7 jvT(x — C/v — $n ~ -X”(to + To + + T))), 

(5.26) 

where 

Cat E [Civ— 1 - 1 , Civ-i + e minjl, <5jv_i}] C [Cn-i - 1 , Civ-i + e}], 

< S„ - 1 vi, 


to 


to 


0 < <5 tv < ( 5 jv-i — emin{l, <5/v-i} + 

0 < qN < (^rr~ +C'emin{l,(5jv_i})e 


to 

-uT 


< eoe 


-wT 


Observe that there must be an N such that 8 jy < 80 — N | < 1. We then stop here. Setting 
T 0 = T 0 + N(a + T), C 0 = (n, 80 = 8n and q 0 = q N in (15.261) . we have 

u(t 0 + T 0 , x - Co) - qo r(x - Co - X(t 0 + T 0 )) 

< u(t 0 + f 0 ,x;t 0 ,u 0 ) (5.27) 

< it (t 0 + T 0 , x - Co - <5o) - Qo r(x - Co - 8 0 - X(t 0 + T 0 )), 


where do E [0,1]. 
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We now apply the above iteration arguments to (15.271) . as a new initial step, to conclude 
the result. Recall (|5.23p . % < eoe~ uT ° and Ce < We now choose T so larger that 

(|e- To + Ce)e~ ujT < (1 - |)e 0 e-" T °. 

Applying Lemma 15.21 to (15.271) . we find 
u(t 0 + T 0 + a + T,x - Ci) - qiT(x - Ci - X(t 0 + f 0 + cr + T)) 

< u(t 0 + T 0 + a + T,x-t 0 ,u 0 ) (5.28) 

< u(t 0 + To + <T + T,X - Cl - 5i) - qiT(x - Ci - <5i - X(t 0 + To + a + T )), 

where 

Ci £ [Co-—, Co + e<5o], 

id 

0<~5i<So- eSo + — < 1 - e+ ^ = 1 - ^ 

id A A 

o < qi < (y + CeS 0 )e-“ T < (^e~“ T + Ce)e~“ T < (1 - ^)e 0 e~“ T °. 

Applying Lemma 15.21 to (15.281) , we find 

u(to + Tq + 2(cr + T), x — C 2 ) — q 2 ^{x — C 2 — X (to + To + 2(<cr + T))) 

< u(t 0 + T 0 + 2(cr + T), x; t 0 , wo) 

< u(t 0 + To + 2(<r + T), x — C 2 — S 2 ) — — C 2 ~ S 2 — X(to + Tq + 2(ct + T))), 


where 


C 2 G [Ci-—, Ci + e^i], 


CO 


0 < ^2 < h - fdi + ^ < (1 - ^)(l - e+ —e 0 e~“ T °) < (1 - ^) 2 , 
to 2 to 2 

0 < q 2 < (y + < (1 - |)(|e- T + Ce)e~“ T < (1 - |) 2 e 0 e- T °. 

Then, applying Lemma 15.21 repeatedly, we find for n > 3 

u(t 0 + T 0 + n(a + T),x- ( n ) - q n r(x - C n ~ X(t 0 + T 0 + n(a + T))) 

< it(t 0 + T 0 + n(cr + T),x; t 0 , u 0 ) 

< it(t 0 + T 0 + n(a + T),x- ( n - S n ) - g n r(a; - ( n ~ S n - X(t 0 + T 0 + n(tr + T))), 


7 r7 2Ag n _i ~ 1 i 

Sn t [Sn—1-, Sn—1 + ^n-lj, 


to 


0 < 5n < ~6n -1 - &„-l + < (1 - 

CJ z 

o < q n < + CeS n _i)e~ ujT < (1 - |)"e 0 e _a/r °. 


where 
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This clearly implies that Q n —> Coo, d n —> 0 and q n —> 0 exponentially as n —> oo, where 
Coo £ R. The theorem then follows readily. □ 

Finally, as a simple consequence of Theorem 11.51 and Corollary 14.21 we have 

Corollary 5.3. Let u(t,x ) and X(t) be as in Provositio dl. 1( 2). Let /3o > 0. Suppose to £ K 
and uq £ C'^ nif (M, M) satisfy 

j n 0 : R -X [0,1], liminf x ^_ oo n 0 (x) > 0; 

> 0 s.t. |n 0 “ u(to,x)\ < Ce~P°( x ~ x ( to ^ for iGl. 

Then, there exist C = C(uq) > 0, C* = C*( n o) G K and r = r(/3o ) > 0 such that 

sup |n(t, x; to, no) — n(t, x — C*)| < Ce~ r ^ t ~ t °' > 
x^.M. 

for all t > to- 

Appendix A. Comparison principles 

We state comparison principles used in the previous sections. See [211 Proposition A.l] for 
the proof. 

Proposition A.l. Let K : M x M —>• [0, oo) be continuous and satisfy sup^-gR f R K(x, y)dy < 
oo. Let a:Ixl->l be continuous and uniformly bounded. 

(i) Suppose that X : [0, oo) —> R is continuous and that u : [0, oo) x R —> M satisfies 
the following: u, ut : [0, oo) xM->l are continuous, the limit lim^^oo n(t, x) = 0 is 
locally uniformly in t, and 

ut(t,x)> J R K(x,y)u(t,y)dy + a(t,x)u(t,x), x>X(t), t > 0, 

< u(t,x) >0, x < X(t), t > 0, 
n(0, x) = uq{x) >0, x € M. 

Then u(t, x) > 0 for (t, x) G (0, oo) x R. 

(ii) Suppose that X : [0, oo) —> R is continuous and that u : [0, oo) xl-)l satisfies the 

following: n, ut : [0, oo) x R —>• R are continuous, the limit lim^^-oo n(t, x) = 0 is 

locally uniformly in t, and 

ut(t,x)> f R K(x,y)u(t,y)dy + a(t,x)u(t,x), x < X(t), t > 0, 

< u(t,x ) >0, x > X(t), t > 0, 
n(0, x) = uo(x) >0, x € R. 

Then u(t , x) > 0 for (t, x) € (0, oo) x R. 

(iii) Suppose that u : [0, oo) x R —>• R satisfies the following: n, n* : [0, oo) x R —>• R is 
continuous, infj>o )X GiR it(t, s) > —oo, and 

{ ut(t,x)> f R K(x,y)u(t,y)dy + a(t,x)u(t,x), x £ R, t > 0, 
u(0,a;) = no(x) >0, i£l, 

Then u(t,x ) > 0 for (t,x) £ (0, oo) x R. Moreover, if uq{x) ^ 0, then u(t,x) > 0 for 
(t, x) £ (0, oo) x R. 
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